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(a) Determine, in expanded form in terms of a, the characteristic equation for A.

where @ is a constant.

(b) Hence use the Cayley-Hamilton theorem to determine values of @ and b such that
AP =A+bl

where I is the 2 x 2 identity matrix.

(O]
o) det(A-=T)=0
-3 O = (~1-~ =) 3~
®|3 _)\‘(l)(% ) -3
= —R-N+AA? -3
2 WE=FN + (-3a-8) =0

b\ ﬁeplace N wibth A onk Mulﬁpb uniks lZ)I.

A*- ?A'(%*chl =o ()

Aalkply oxery b@ A so we e on ASferm.
5 A? —:;'A“--—(-szqu

l,, we rearunge (V) for A%, we can sob buis in.

5 A3-3(3A + (3+3)T) Z(8+3)A ()
5 A —L4A -56-+2.)T = (34 3)A
9 A*= (57 x2a)A + (56 +21)T
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Question 1 continued
D 5F 4% =]
=) o= - 56 ®

3
S5 b= 5@,41\(__5_45
b =

3
- 366 ®

—_j

(Total for Question 1 is 6 marks)
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2. A complex number z is represented by the point P in the complex plane.
Given that z satisfies
|z—6]=2|z+3|

(a) show that the locus of P passes through the origin and the points —4 and —8i
2)

(b) Sketch on an Argand diagram the locus of P as z varies.
)

(c) On your sketch, shade the region which satisfies both
|z-6]>2|z+3i| and |z|<4
)
cx) |=-6| :’2.\‘2—_—\-3:3\
Leb =z = X s
= lx-na ¢\ = 'z_\ac-H:) * By
= lx—(, _HO\ = 2 l x + ‘\(\a-&})] |atib|= f@Ee
D J(x-0" « bz- =2\ x? +(b+3)7'
= ('JC-Q"’—rZ]?- = b (x> o 1343‘)1)

= X - 11x +26 »nol = Lhx™ +l»al-&')_hr3+ 36
D O0=3Dx* 4|1x +3\‘31*1L"J
= 0= x* vhx + 4>+ %
5 o=(x+2)"-Lk —v(\auﬂ’- -\6
> (2t + (\a+u\"- = 20 @
S ia (x.9) = (0, 0)

4
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Question 2 contined
(0 +2) + (o« W) = k416 =20,
Hexte | pesses él«erL Ene or.‘a:n.
Sob A (x, Lo = (- .,0)
(-b s>+ (0+L)% = Lk~ )b =20
Hece, passes éhmaa\q (-4,0).
Sob in (Tig)= [0, -3)
(0+)r+ (-3 +W)t = L+l =20
Hence , passes (;Lmoosb\ (0,—8\ @)
lo) '+ Ble circle.

PMT

-3

C\ Drew «w cirle o}, radis k| centred (D,O)
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3. Inamodel for the number of subscribers to a new social media channel it is
assumed that

« cach week 20% of the subscribers at the start of the week cancel their subscriptions
+ between the start and end of week # the channel gains 201 new subscribers
Given that at the end of week 1 there were 25 subscribers,

(a) explain why the number of subscribers at the end of week n, U, , is modelled by the
recurrence relation

U =25 U, =08U,+20(n+1)  n=123.

2
(b) Prove by induction that for n > 1
e
U, = 325(—) + 1007 — 400
B ®)
Given that 6 months after starting the channel there were approximately 1800
subscribers,
(c) evaluate the model in the light of this information.
)

0‘)‘ Ui= 25, becavse bhere are 25 sobscribers
ak the ead o week |.

- Lox olL Ehe sobscribers leave, MCMU Eha6 Rox
remain 'y S50 O.QUa.

AL Ehe end op week avl, Lhere are
'lO(n-n} sobscribers  added o Ehose fro~
week a. ()

A” o/ khe Ehvee Pe\'nl:s awbove Pqﬁ aneéher n

Condlubion. Hence,

Oan = 0.0, +20(n+Y) , U,=25

8
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Question 3 continued

b) Bose Case, lek a=\.
U= 225 (LY}' 100(3) — koo
S

= 325 x10o - Loo = 2§
So, Erve fof n=|\ ®
Assume  Erve for N=R Then

k-|

U = >25 (—l_‘;—) + 100k —Loo

| nducbve S(::p, let A=R+l. The usino the fo{m),u

n Pare o,

Le
Urn = 5 Up + 20(R +1)

= %‘(3)..5 (%}h-l-r 100k —h-oo) + 20k +Zo®

I

k
325 (%)"+ 30k -320 +20k + 20

225 (%) + ook —300 0

"

225 (%’Yhﬂ‘-‘) oo (k) - LOO @

Hence , ¢+ the resulk is érve for A=k, Ehea bt has

~ proven to be &rve

n= k~+1, As ik s broe

(or A=)V, k£ Mmust be Erve foro\“ Pos;l;;w_ ‘ateqevy

" ®

J
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Question 3 continued

(,) N 5 Measured n weeks, 6 months vs
CLPProx;Muéfij Ll weeks.

U6 = D25 (0-%\7_6’\- loo(26) ~lyoo
= 2200122737 O

The  model s nsk ame , as  Els
1S oa  qvereséimube,
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4. (a) Use the Euclidean algorithm to show that the highest common factor
of 168 and 66 is 6

2)
(b) Use back substitution to determine integers @ and b such that
168a + 66b = 6
3)
(c) Explain why there are no integer solutions to the equation
168x + 66y = 10
(8]
(d) Solve the congruence equation
11v = 8(mod 28)
3)

o) 16% - 2(66) = 3¢
66-1(3) = 30
%6 -V (%0) = 6
o-5(6) =0 ®

The lusé non-2er0 Memuinder s 6, So & s Ehe

HCF.@
5 We will ssb in valves we het before.

26 -30 =6 O
226 - (66 - 36) = 6®
2 2(26)-66 = &
2 2(163 - 2(66)) - 66 =6
2 2(16’) - 5(66) =6
5 0=2, b=-5 @

12
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Question 4 continued

<) As the HCF of 168 vk 66 is 6,
the RHS hes b be o Mulékple, a'(
6 lnorder Lo huve inbejer  Soluéioas.
10 ‘s Mok = molbipre o J 6, hence therc
are  No u‘nl:e\:]er solu€ions. @

(L) 28~2(n)=6
W-—6 =5
6-5 =1
So HCF(N,23) =)
We torplebe cnother  back solostibobion.
6-(h-6)=1
S 2(6) -1t =1
S 2(22 -2() -\ =1
2028)-5() =1 @
~5(W) =1-2(2%)
2 ’5(“\?— J(mok 28) ®
/lehpt3 tve Qquubon i Ewe gvesbon t) <.
V= —uo(mo 2R)
16 (Mo 28) (O

l‘/

0

2 o\

{{

.

J
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(i) A security code is made up of 4 numerical digits followed by 3 distinct uppercase
letters.

Given that the digits must be from the set {1, 2, 3, 4, 5} and the letters from the set
{A,B,C, D}

(a) determine the total number of possible codes using this system.

To enable more codes to be generated, the system is adapted so that the 3 letters can
appear anywhere in the code but no letter can be next to another letter.

(b) Determine the increase in the number of codes using this adapted system.
“)
(ii) A combination lock code consists of four distinct digits that can be read as a
positive integer, N = abcd, satisfying
all the digits are odd
N is divisible by 9
the digits appear in cither ascending or descending order
N = e(modab) where ab is read as a two-digit number and e is the odd digit
that is not used in the code

(a) Use the first two properties to determine the four digits used in the code.

(b) Hence determine the code on the lock.

@ \(.m \etters ave disbinek )

i}q/‘skxq x 2 x 2 = \5000 ®

9 Numbers | ok isback

Alls

« b
R A PR

Let o, bicih £402,304,53. 3 lebtes A, B,CD
Can go \n btre 5 «ps. So we huve
3 3P
((5\ vaxz % 1) X 5% — 15000
> )
7
= 150000 — }|SOOO Yecusse We

are f\‘rw”/\

= V35000 O Ewe ncvecte.

16
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Question 5 continued
i)e) ba () , bwe OAb numbess  can be 4,3,9,7.9
by (), V*3+ 5+F # 9k
0 14 245 ¥q9 = gk @
|+ 24 F +4 2 9k
14 54 F YA <Gk
24 5S4 F +4 Z e
So , khere cannok be o 7.

Hence , twe nombers ave 'V, 3, 5,9 (©)
i) ‘o:.)
V259 o~ 983,
We Josk Ero, 13949 aah ik worhs  for (W),
then " we  Pkaoh ks Eue  code, obherwnse 453)
16 the code
1534 = Fmok(13) O
1599 V3 = ‘ol %
Hence, 1254 o bue code. (§)

(3\, Eve or\\d Poss?ble tombinubons

are

J
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6. Determine a closed form for the recurrence relation
uy =1 w =4

U, =2u,, —guu +n n=0 (@)
Unsn = L0nw bz 0a= 1N ()
5 A= 2 3 4a = 0 0 Avullry Egoution

V3YY SIHL NI 3LI¥M LON Od
DONOTWRITEIN THIS AREA

S (A-DN + '3 =0

5 a=tw:

5 Un= AQrg )+ B(-w ) CF

Ur= knxrc

Uan= R(A+) +C @

Una = R(n+2) +C

Sub bhese inbo (1)

k(A4 C -l(h(nﬂ\ +0) + Y (\m +)=an
9 kr\-vzh-vc.—l\z/\—l\t—u-»qlsh,\ +%3¢0 =n

V3dy SIHL NI 3LI¥M LON Od
DO NOTWRITEIN THIS AREA

Now we  Compave Coefficients.
W R -2ksSik=1 B k=3 o)
Vs Ykac -2k -2 BC R0 B czo
- 1 <\ B - 1 \"
On Ps(\-\»___, \ 5 ( += 3 +3n

el

VY34V SIHLNIFLIYM LON OC
DONOTWRITEINTHIS AREA

%\)b Q/\ kwe  iabul  condi€oons.
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Question 6 continued \
|
1= A(\ ‘r\_s_l;\\ + (5<\— !?}\
= Y= AxD
| (
L = A(HT‘_;:)ﬁL ) (\'\‘I——}W +3
= 1= A-\»v/_’,-t—\;____b;(A-e)
(5\() CDmPun‘na the TMsUQ/mr\u) was,
O= A-3
ank 1 = A”\'\B @

Thie  gves L3 A="r, &= "h

%6 wWe |hare

J

e | 00T 0O
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7. ThesetG =R — {-%} with the operation of x e y = 3(x + y + 1) + 2xy forms a group.
o ;
(a) Determine the identity element of this group. % 5
) g :
(b) Determine the inverse of a general element x in this group. 3 l
3) oy }
(c) Explain why the value —% must be excluded from G in order for this to be a group. ; l
= i
1 5 :
) X-e=x g
X = 3(x+e 1) ¥2xe O
5 x= Jx+3e+d +2xe
g ‘
D lx-3= e(z421x) z
:
= e= -l @ % .
Z !
= f
b X2 =c § |
-z = - E j
1= 3(x+z2+4) 42x2 (O
o ~3x - =2(2c +3) Q)
o 4
D Z= e -k :
2x +3 g
3
Z x'= —%x -l ©) A
22¢+3 ; |
= |
5
L.) x = =P/ WoulA we o denom nubor o/_q E 1
uhith we. Camot el Hence, no iaverse ab
=2 3/,
\ G) J
24
R0 0 T 0 0 um
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I, :I'(x —2)yet*dy n=0
o

(a) Prove that for n> 1

where a is a constant to be determined.

“)

(b) Hence determine the exact value of

J‘:(x —2)%e** dx

ox) We o0se ln&aru&oa \oo Purlss.
Let 0= (x2)" v'=e

3)

Lnc

yoe

=) v =Te

I = [ | oM (x 1)] J e ()" 4 (1)
—;_ll;e, (OY—Ll; -" —-% AL’“ e (ac—ly“ dn@

= = (—1_3 —Ti_n A=) @
:-(-z”"_%nxm@ S0 e« =-2

$W€’. Lse [)ar{g o~ Wwith A= ank A=

T, _j’- we g -_E'/uew']L- Ve® =2 @
1 = _(-13 - ( Ye? - ‘) = i-—_’,
16

)6@

J

26

| 0.0 O O o
P 7 408 3 A0 2 6 36

pmT|

Y34V SIHL NI LM LON OQ V3YY SIHL NI ILIEM LON O

Y3I4Y SIHLNI 3LIYM LON Oa

DO NOTWRITEIN THIS AREA DONOTWRITEIN THIS AREA

DONOTWRITEINTHIS AREA



YIHY SIHL NI LIHM LON 0Q V3YY SIHL NI 3LIHM LON OQ

Y34V SIHLNIFLIHM LON OQ

DO NOT WRITE IN THIS AREA

DO NOTWRITE IN THIS AREA

DO NOTWRITE INTHIS AREA

PhysicsAndMathsTutor.com

-

\

Question 8 continued

T (N -2 (Y- e¥)
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K(-1y)

Figure 1
Figure 1 shows a locus in the complex plane.
The locus is an arc of a circle from the point represented by z, = 3 + 2i to the
point represented by z, = a + 4i, where a is a constant, a # 1
Given that
« the point z; =1+ 4i also lies on the locus
« the centre of the circle has real part equal to —1

(a) determine the value of a.

)

(b) Hence determine a complex equation for the locus, giving any angles in the equation
as positive values.
3)

0\3 F-rOM khe d rw—\,see, that -1 s bue m.’dpol,&
o(_ (78 u.mk“‘().

o x| = -\ = a=-3
2

3 ary ( ~2\ \) o @
= o (25538 ¢
~ OTG (\l‘:::‘:((.’s*t) =<

30
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Question 9 continued

’-ﬁavs(—-')_-\—l\ -G

(Total for Question 9 is 5 marks)

J
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10.

y 8
¢ 2
(=}
R =
0 x -
5
m
2
T
Figure 2 s
>
A solid playing piece for a board game is modelled by rotating the curve C, shown in =
Figure 2, through 27 radians about the x-axis. >

The curve C has equation

2
Y=+ o) —4<x<4

with units as centimetres.
o
(a) Show that the total surface area, S cm’, of the playing piece is given by g
(=}

4
S=an. V81 +10x* dx + gn ;
-4
=
where p and ¢ are constants to be determined. =
© =
Using the substitution x = isinh u, or another algebraic integration method, i'
7o z
and showing all your working, ;
m
(b) determine the total surface area of the playing piece, giving your answer to the >
nearest cm’
(6)
0\3 In the fotmole book , we huve
=
sx—_zﬂjbludw de (O S
2
" g
2 =
o) d:: = L—+'x,1\ ')_‘JC (b Onein o
e 2 a @ R u\e,) E
o
T 2\ L @
i J;\ = [14 X x :
X 1 3\ b
(. J
32
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Question 10 continued

o (g =2 ()
((J\‘5 —3&-(‘(-\‘73\
e

R & - e o )
95" (1 (144 (=) d=gr,
= Sx= ZKJ I:(Hr \( T“ qﬂl\\ "
> s L) (]
» $em 2 [ [ (a2 (teean)]" o
5 52225 (¥ L (loxt+d " de O

> S== 22X Sl"\[ 0% + |\ dx

We ore ashek he Boba|  Sorfute aven, So
\qu(, Lo oddh Ehe wre. o}, the Luo circles  oa
eibher end.

\

J
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Question 10 continued

Ewlbh crde  hus  rudeos

l\—»ﬁ_ = S
9 3

So we lheve 2+ (7(%(.‘5‘3\1) = -s"oT x @
So S= qurf Jloxr sy dx « Sor (1)
" 9

b) x:_\‘g._ sinh v
\Q
3 9
= % = Jw <oshv CD

S dx = 4 coshu du

Y

inJl; \‘M\ 3
R Y the limibs

=4 s hU D 0o=1.1k]
b o

—Lk-" i $:A\'\U =) U""'IIL\-]®

Jio

Also xT = 21 ¢V, S0 our :nbi)m\ becomes
lo
[R1M)

S2 2% [ Biskioad - 3 cohody  + Sox ()
4 Jdonwm NI 4

Y.l 4Isiakto+\ 4 coshu dv + Sox

4 doaw NI 9

\ J

34
U000 0 -n
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m
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o
g <
5w
T
5 E
N OE
me S
z: &
e
I 3
w.o e
5 ‘O
B 2
m
= 8
o <
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Question 10 continued

Rech Ehub  siallua | = cosh?o

= S= 1% % |MCo:\\\J dv 4+ Sox
NI 9

Recqyll Ehab coshL ‘-'—Jiws\n W o+
2
25= 3= " osh2o 1 L do @

w L)

4\
5= 49 & [_‘, S$1AW20 u] 4 Sox D
NI 2, vy Q

5 5= Rm? b bhe nearest tm. (D)

\
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